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CORRECT SOLVABILITY OF THE STURM-LIOUVILLE EQUATION 

WITH DELAYED ARGUMENT 

N.A. CHERNYAVSKAYA AND L.A. SHUSTER 

Abstract. We consider the equation 

-y"ix) + q{x)y{x - ip{x)) = f{x), a: G M (1) 

where / G C'(M) and 

0<(fGC^°%R), 1 < gG (2) 

Here C'*°'^(R) is the set of functions continuous in every point of the number axis. By a 
solution of (1), we mean any function y, doubly continuously differentiable everywhere in 
R, which satisfies (1). We show that under certain additional conditions on the functions (p 
and q to (2), (1) has a unique solution y, satisfying the inequality 

||2/||c(R) < c||/||c(R) 

where the constant c G (0,oo) does not depend on the choice of / G C'(R). 


1. Introduction 

In the present paper, we consider the equation 

—y"{x) + q{x)y{x — (p{x)) = f{x), a; G M (1.1) 

where / G C'(M) and 

0 < V? G 1 < g G (1.2) 

By the symbol C'°‘'(M), we denote the set of functions continuous in every point of the 
number axis M. 

By a solution of (1.1) we mean any doubly continuously differentiable function y{x), 
satisfying (1.1) for all a; G M. In addition, we say that equation (1.1) is correctly solvable in 
C(M) if the following assertions hold: 

I) for every function / G C'(M) equation (1.1) has a unique solution y G C'(M); 

II) there is a constant c G (0, cxd) such that regardless of the choice of / G U(M), the 
solution y G U(M) of (1.1) satisfies the inequality 

Ibllc(R) < c||/||c(K)- (1.3) 

Our goal is to study, in a conceptual way, the problem of correct solvability of equation 

(1.1) in the space C'(M). (For brevity, below we say “the question on I)-II”, or “the problem 
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I)-II)”.) Such an investigation is needed because this is the first time the problem I)-II) is 
being posed. Indeed, to the best of our knowledge, for equations with delayed argument there 
has been studied initial and boundary value problems on a hnite segment or on a semi-axis 
(see [1, 7, 11, 12, 13]). However, the special feature of problem I)-II) is that equation (1.1) 
is considered on the whole axis, and requirements to its solutions are imposed apart from 
I)-II). Therefore, the main result of the paper is statement asserting that problem I)-II) 
makes sense, i.e., the set of equations (1.1) correctly solvable in C'(M) is non-empty. This 
statement follows from the following theorem which is onr main result. 

Theorem 1.1. If, together with (1.2), the following two conditions hold: 

1) there is a constant a> 1 such that for all x eM the following inegualities hold: 

a~^q{x) < q{t) < aq{x) for yt E [x — l,x + I]; (1.4) 

2 ) 

a < l/6\/a, where a = swi>{^{x)q{x)), (1.5) 

then equation (1.1) is correctly solvable in C(R). In addition, equation (1.1) is separable in 
C(M), i.e., there is a constant c E (0, cxd) such that regardless of the choice of f E C(R), the 
solution y E C(R) of (1.1) satisfies the inequality 

lb"(a:)||c(R) + h{x)y{x - (^(a;))||c(R) < c||/(a;)||c(R). (1.6) 

Corollary 1.2. There is a constant c E (0, cxd) such that the solution y E C(R) of (1.1) 
satisfies the estimate 

lk(a^)l/(a^)llc(R) < c||/(a;)||c(R), V/e C'(R). (1.7) 

The paper is constructed as follows. In §2, we collect the information needed for the 
proofs; in §3, we present some anxiliary assertions; §4 contains a proof of Theorem 1.1; and, 
hnally, in §5 we give an example of this theorem. 

The authors thank Prof. B. Sklyar for prodnctive discussions and useful remarks. 

2. Preliminaries 

The information presented below is used in the proofs. Here and thronghont the sequel, 
we assume that conditions (1.2) are satishes. They are not referred to and do not appear in 
the statements. 
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Theorem 2.1. [4, 6] There exists a fundamental system of solutions (FSS) 
a; G M o/ the equation 


z''{x) = q{x)z{x), a; G M 

whieh has the following properties: 

u{x) > 0, v{x) > 0, u'{x) < 0, v'{x) > 0, 

v'{x)u{x) — u'{x)v{x) = 1, a; G 


X G 


lim v{x) = lim ^'(a;) = lim u{x) = lim u'{x) = 0 

X^ — OO X^—OO X^OO X^OO 


lim v{x) = lim ^'(a;) = lim u{x) = lim |M^(a;)| = cxd. 

X^ — OO 


X^—OO 


Ip'( a;) I <1, a; G M; p{x) = u{x)v{x), 
|M'(a;)| 1—p'(a;) ^'(a;) 1 + p'(a;) 


X G 


X G 


u{x) 2p(a;) ’ ^(a;) 2p(a;) ’ 

Lemma 2.2. [5] For a given a; G M consider the following equations in d> 0 : 


r‘V2d 


q{i)dfdt = 1, 


f^\/2d rx-\-t 


q{C)dfdt = 1. 


' X — t 


Each of equations (2.5) has a unique finite positive solution. 


( 2 . 1 ) 


( 2 , 2 ) 


(2.3) 

(2.4) 


(2.5) 


Denote by di{x), d 2 {x), a; G M, the solutions of equations (2.5), respectively. 


Theorem 2.3. [5] We have the inequalities 


V2 


< 


u'{x)\ , , , v'ix) , , , r- 
, / « 2 (t); —-^di{x) < \/2, 


X G 


u[x 


v[x) 


y/2 di{x) + d 2 {x) 
Consider the equation 


di{x)d2{x) , . X , /7T di{x)d2{x) 

< pw) < v2—— 


di{x) + d 2 {x) ’ 


X G 


( 2 . 6 ) 

(2.7) 


—y''{x) + q{x)y{x) = /(a;), a; G M. (2.8) 

By a solution of (2.8) we mean any doubly continuously differentiable function y{x) satisfying 
(2.8) for all a; G M. 


Definition 2.4. [2] We say that equation (2.8) is correctly solvable in C(M) if the following 
conditions are satisfied: 

a) for every function f G C(M) there is a unique solution y G C(R) of equation (2.8); 

b) there is a constant c G (0, cxd) such that regardless of the choice of f E C(M), the 
solution y G C(M) of (2.8) satisfies the estimate 

||l/||c(R) < c||/|lc(K)- 


(2.9) 
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Remark 2.5. By c, c(-), we denote absolute positive constants which are not essential for 
exposition and may differ even with a single chain of calculations. 


Theorem 2 . 6 . [2] Equation (2.8) is correctly solvable in C(M). Its solution y G C(M) is of 
the form 

/ OO 

G{x,t)f{t)dt, a; G M. (2.10) 

•OO 

Here G{x,t) is the Green function of equation (2.8).- 

u{x)v(t), X > t 


= 1 m ^ ^ ^ + 

U[t)v{x), X < t 

Denote 

V(R) = {ye C'(R) : y G ^^^(R), -y'\x) + q{x)y{x) G C'(R), a; G R}, 

{Cy){x) = —y'\x) + q{x)y{x), a; G R, ?/ G D(R). 

Here C® (R) is the set of functions doubly continuously differentiable for x G 


( 2 . 11 ) 


( 2 . 12 ) 

(2.13) 


Theorem 2.7. [2] The operator C ; DfR) —)■ C(R) is continuously invertible. We have the 
equality (see (2.10)^.- 

C-^ = G. (2.14) 


Definition 2 . 8 . [3] We say that equation (2.8) is separable in C(R) if there is a constant 
c G (0, cx)) such that regardless of the choice of f ^ (^(K), the solution y G C(R) of (2.8) 
satisfies the inequality 

||l/^11c(R) + lkl/||c(R) < c||/||c(R)- (2-15) 

Remark 2.9. The problem of separating the operator C into summands: 

||'^^l/||c(R) < lll/^1lc(R) + lkl/||c(R) < c||£|/||c(r), V|/ G V(R) 

was hrst studied in [8, 9] in the space L 2 (R). 

Theorem 2 . 10 . [10, pp. 84-85] Let (p{x), x eM. be a non-negative, continuous function, and 
let y{x), X eM be a doubly continuously differentiable function. Then we have the equality 

pX 

y{x)=y{x-(p{x))+(p{x)y'{x)- y'’{f){f - x + (p{x))df, a; G R. (2.16) 

J x—ip(x) 
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3. Auxiliary Assertions 


Some of the statements presented below are interesting in their own right. 


Lemma 3.1. We have the inequalities (see (2.5)j 

supdi{x) < 1, sup(i 2 (T) < 1. 

Proof. From (1.2) and (2.5) it follows that 

l‘\/2di{x) px p\/2di{x) px 

1= / qiOd^dt > ldf> dl{x), 

Jo J x—t Jo J x—t 

The second inequality in (3.1) can be checked similarly. 

Lemma 3.2. We have the inequalities 


j.C(R) < A 


^ r-l 

dx 


< V2. 


C(R)^-C(R) 


Proof. In the following relations we only use Theorem 2.1: 

v'{x) = v'{x) - v'{-oo) = Jf^v''{t)dt = Jf^q{t)v{t)dt 

—u'{x) = u'{oo) — u'{x) = u"(t)dt = q{t)u{t)dt 


(3.1). 


1 = v'{x)u{x) — u'{x)v{x) = u{x) / q{t)v{t)dt + v{x) / q{t)u{t)dt 


q(t)G{x,t)dt > / G{x,t)dt. 


This implies that (see (2.14)) 


^||c(R)^C(R) = sup / G{x,t)dt < 1 
J —CO 


(3.2). 


In the following relations, together with Theorem 2.1, we use (2.6), (2.14) and (3.1): 


= sup 

C(R)^>C(R) *eR 


G{x,t)dt = sup u'{x) / v{t)dt + v'{x) / u{t)dt 

J —CO J X 


<sup \u'{x)\ [ ^^-v'iOdt + v'ix) [ Y^^-\u'{t)\dt 

xSR L J—oo (f) Jx 1^ (f)l 

/ X poo 

di{t)v'{t)dt + v'{x) / d 2 {t){—u {f))dt 

-CO J X 

/ ~ X poo 

v\t)dt — v\x) / u\t)dt 

-CO J X 

= \/2sup[T'(a;)M(a;) — u\x)v{x)] = \/2. 
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Lemma 3.3. Under condition (1.4), we have the inequalities 

11 1 
—= < di{x),d2{x) < 

\/2a ^yq{x) Vq{x) 


X eK. 


Proof. Estimates (3.4) for di{x) and d 2 {x) are proved in the same way; therefore, here we 
only consider di{x). For a given a; G M, consider the equation in d > 0 : 

F{d) = 1, F{d) = d- [ qiOdC (3.5) 

J x—d 

Clearly, on [0, cx)) the function F{d) is monotone increasing, and F{d) > d^. Since E(0) = 0, 
F{oo) = oo, we conclude that (3.5) has a unique positive solution. 

Denote this solution by d{x). Clearly, d{x) < 1 for a; G M because 

px px 

1 = d{x) ■ / q{0di > d{x) / Idt = (P‘{x). 

J x—d{x) J x—d{x) 

In addition, from the first mean value theorem and (1.4), it follows that 

px 

1 = d{x) / q{t)dt = q{x)(F{x), a; G [a; — 1,a;] ^ 

J x—d{x) 

d{x) = -^= = a; G M, (3.6) 


d{x) = -^= = J^ 

\/q{x) V q{.x) ^Jq{x) a/^ 


:, X E 


Now, from (2.5), properties of E(d), d > 0, and (3.6) and (3.7), it follows that 

p\/2di{x) I'X px 

1= / q{f)dfdt < y/2di{x) q{f)df = F{y/2di{x)) -- 

Jo J x—t Jx—\/2di{x) 

V2di{x) > d{x) > ^ di(a;) > ^ 

\/aq[x) \'2aq{x) 


pV2di{x) px py/2di{x) px 1 / \ px 

1= / qiOd^ > / qiOd^dt > ^ / ^ ^ ^ q{Od^ 

Jo Jx-t dliW Jx-t V2 Jx-’UFX 

^ \/2 




d,(a;)<J^, XG 


Corollary 3.4. For a; G M we have the inequalities 

, < exp (2V2a=>/^); , < exp (2y2o=>/^). 

n(a; —di(a;)) ^ ' u{x + d2{x)) ^ ' 


(3.8) 
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Proof. Below we consecutively use (2.6), (3.4), (3.1), (1.4) and once again (3.4): 


V{x-di{x)) Ja:-di{x) 


df<V2 j 

J X 


r JL 

x—di{x) ^l(0 


< 2 ^ 0 / ^/^df = 2^ \\ -r^ ■ 

Jx—d\(x) Jx—d\(x) y Q\^) 

< 2a^/^dl{x) < 2V2a^/^ ^ (3.8). 


Theorem 3.5. Let r G C'*°'^(M). Then we have the estimates 


2\/2a^/^)mo(r,g) < \\rC ic'(R)^c(R) < 4amo(r,g), 


I d 
r—£ 
dx 


>c(R) < 8a^^^mi{r,q). 


(3.10) 


|r(a;)| r{x) 

mo(r,g) = sup——; mi(r, g) = sup ^=. 

xeR Q'(t) xeR \/q{x) 

In particular, equation (2.8) is separable in C(M), and we have the inequalities 


(3.11) 


( — 2\/2a^/^) < IIg£ < ||c(r)^>c(r) < 4a, 


(3.12) 


dx^ 


< 4a + 1. 


C(R)^-C(R) 


(3.13) 


Proof. We need the following useful assertion. 


Lemma 3.6. For x eM. we have the inequality 


G{x,t)dt<4: / G{x;t)dt. 


(3.14) 


Proof. Let us check the relations 


v(t)dt < 4 / v(t)dt, 


/ x+l 

u{t)dt. 


(3.15) 


These inequalities are proved in the same way; therefore, below we only consider the second 
one. Denote 


z(t) = e *, t G M. 
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The following relations are deduced from Theorem 2.1: 


«"(0 = ^"(0 = e e M 

= ( g (0 - 1 )«( 0^(0 > o 

/ OD 

[m'( 0^(0 - >0, ^ e M 


u'{t)z(t) — z'(t)u{t) <0, t G 

“W / .x-t 


u'it) < —u{t), t G 
as t > X, a; G M. 


(3.16) 


Let a; G M, Tn = T + n, n = 1, 2,... . Below we use Theorem 2.1 and (3.16) 


' rxi °° rxn+1 

u{t)dt = / u{t)dt + / u{t)dt 

J X J Xn 

rXi / PXn^i \ / pXi \ 

= / u{t)dt 1 + j ( / j 

Jx \dxn J \j X J 

< / «(()*. i + w!:(f4 < / .„(()*. i + w 

/n "ula;!) 

. n=l ^ J ® n=l 


u(t)dt ) ( / u(t)dt 


3 -(n-l) 


u(t)dt 1 H-- < 4 / u(t)dt 

1 — e“^ ' 


(3.15). 


Let us now go to (3.12). Below we use Theorem 2.1, (2.5), (2.14), (2.7), (3.8) and (3.4): 


/ CXD pX-\-d2{x) 

G{x,t)dt > sup \r{x)\ / G{,t)dt 

-oo a::GM Jx—di(x) 

px pX-\-d2{x) 

= sup|r(a;)| u{x) / n(t)(it + n(a;) / u{t)dt 

-/a;—cZi(a;) Jx 

> sup |r(a;)| [M(a;)n(a; — di{x))di{x) + v{x)u{x + d 2 {x))d 2 {x)] 

xGM. 

\ f w f \ \v{x-di{x)) u{x + d 2 {x)) ' 

= sup r(a;) p(a;) ---dda;) H--- d 2 {x) 

xeR L 

> exp[ — 2V2a^^’^) sup \r{x)\p{x){di{x) + d 2 {x)) 

xGM 

> ^=exp ( — 2\/2a^/^) sup |r(a;)|(ii(a;)(i 2 (a^) 

v 2 xeK 

1 , ^ o/ox |r(a;)| exp (- 2^203/^) 

> —^ exp ( — 2\p2a^l^\ sup —- -= - -rrioir, q). 

~ 2y/2a ^ x&R q{x) 2y/2a 
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Below, in the proof of the upper estimate in (3.9), we use Theorem 2.1, (2.14), (3.15) and 
(1.4): 

/ CxD 

G{x,t)dt 

-CxD 

< 4sup f |r(a;)| [ G(x,t)d1^ = 4 sup ^ |^ ■ q(t)G(x,t)dt 

xeM V Jx-i ) xeK g(T) q{t) 

< 4a sup ^ f I^ [ q(t)G(x,t)dt < ia sup ^ \ f q(t)G(x,t)dt 
xeR q{x) xeR q{x) J-oo 

/ X poo 

v"{t)dt + v{x) / u"{t)dt 

-oo j X 

I ^ (^) I 

= 4a sup — —^(v'(x)u(x) — u'(x)v(x)) = 4amo(r, q). 
xgr q{x) 

To prove (3.11), we consecutively use Theorem 2.1, (2.14), (3.15), (1.4), (2.3), (2.4), (2.7) 
and (3.4): 


d 1 

r—L 

dx 


= sup \r{x) 


C(R)^-C(R) ^eR 


G{x, t)dt 


<4sup|r(a;)| \u\x)\ / v{t)dt + v'{x) / u{t)dt 
3:GR _ J x—1 Jx 

= 4sup^^ \u'{x)\ j v''{t)^^^q{t)dt + v'{x) f u''{t)^^q{t)dt 
xeR q{x) L Jx-i QG) Jx QG) J 

< 4asup ^ ^ I^ W{.x)\ [ v”(t)dt + v\x) [ u"(t)dt 

tcGM _ J —oo Jx 

f Hx)\ v'{x) \u'{x)\ f Vix)\ l-p'^{x) \ 

~ ^Sv'?(a^) v{x) u{x) ^^^R\q{x) 4p(a;) ) 

< 2asup < 2y2asup^^^ (iT) ^ 

xeR V 9{x) p[x) J xeR q[x) \di[x) d 2 [x) J 

< 8a^/^ sup = Sa^'^^mi (r, q). 

xeR y q{x) 

The proof of (3.12) is obvious, and (3.13) follows from (3.12), (2.8) and the triangle inequality. 


Consider the system of equations 


Zl{x) = fi{x) + {BnZl){x) + {B22Z2 ){x) 
Z2(x) = f2(x) + (B2iZi)(x) + (B22Z2)(x) 


X eR, 


(3.17) 


where fk E C(M), k = 1,2, Bij : C(M) -E- C(M), i,j = 1,2 are linear operators. 
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Lemma 3.7. Suppose that we have the inequality 

||-Bjj|lc(R)^C'(R) < hi = 1 ) 2 . 

Then the system (3.17) has a unique solution {zi,Z 2 } such that Zk G C(M), k 


(3.18) 
1 , 2 , and 


|kl||c(R) + lk2||c(R) < 2(||/i||c(R) + ||/2||c(R))- 


(3.19) 


Proof. Let us write down (3.12) in vector form. Set 


z[x) := 


Zi(x) 


f{x) : = 


fii^) 

f2{x) 


B := 


Z2{x) 

Then the system (3.17) becomes 

z{x) = f{x) + {Bz){x), X eR. 


Bn Bi2 
B 21 B 22 


(3.20) 


(3.21) 


Denote by C 2 (M) the vector space of vector functions z{x), a; G M with continuous congruents 
Zk{x), X E R, k = 1,2 (see (3.20)), equipped with the norm 


lkllc2(R) — lki||c(R) + lk2||c(R)- (3.22) 

Let us estimate the norm of the operator B : 6*2 (M) —)■ 6*2 (M) : 


||-B^||c 2 (R) — \\BnZl + Bi2Z2\\c(V) + 11 - 8212^1 + B22Z2\\c(V) 

< (||-Bii2:i||c(R) + ||-Bi22:2||c(R)) + (||-B2iD||c(R) + 11-3222:2 II C(R)) 

1 1 
^ + lk2||c'(R)) = 2ll^llc'2(R)- 

Therefore, the operator B ; 6*2 (M) —)■ 6*2 (M) is a compressing operator, and the lemma is 
proved. □ 


4. Proof of the Main Result 

Below we prove Theorem 1.1. Let us introduce an operator A : C'(R) —)■ C'(R) by the 
formula 

(A!)(x) = q(x) r um-x + vixm. /ecm. (4.1) 


Lemma 4.1. ITe have the inequalities: 
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Proof. Let G C'(M). Then we have the relations 
ll^/l|c(K) = supg(a;) [ + 

xEM J x—ip{x) 

sup q{x) [ - X + (p{x))df ||/||c(M) < sup ■ ||/||c(m) 

a;eR L Jx—ip{x) J a;eK [ 

< sup(g(a;)<^(a;))2 • ||/|1 c(r) < ^II/I1c(r) ^ (4.2). 

xeR joa 

Inequality (4.3) follows from (4.2) and the expansion of the operator [E — A)~^ in powers 


of the operator A. □ 

Let us introduce some more notation: 

f{x), zi{x), Z 2 {x) - are functions from C(M), (4.4) 

g{x) = [{E-A)-^f]{x), xeR, (4.5) 

oo 

{EiZi){x) = '^{A'^{qzi)){x), a; e M, (4.6) 

n=l 

{E 2 Z 2 ){x) = [{E - A)~^{qifZ 2 )]{x), a; G M. (4.7) 
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Similarly, 

||^ 22 : 2 ||c(K) = sup \\{E - A)-\q(pZ 2 )\\c{R) 

< \\{E - A) ^|lc(R)^C(R) ■ ^ < ^lk2||c(R) ^ (4.10). 

Consider the system (3.17), where we set (see (4.1), (2.10), (2.14), (4.4), (4.5), (4.6) and 
(4.7)): 


fi{x) = iGg){x), f2ix) = ^{Gg){x), x e R, 

ax 

{Biizi){x) = -{GEiZi){x), X e R, 

{Bi2Z2)ix) = -{GE2Z2)ix), X e R, 

{B 2 iZi){x) = - (^-^GEiz^ (x), X E R, 

{B22Z2){x) = — (—GE 2 Z 2 

\ CvtX/ 


^ (t), X E R. 


(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 
□ 


Lemma 4.3. We have the following estimates for the norms of the operator Bij, i,j = 1,2 
(see (4.12), (4.13), (4.14) and (4.15);.- 

1 

||-BuI1c(r)^c(r) < hj = 1;2. (4.16) 


Proof. The assertion of the lemma follows from (2.14), (3.2), (3.3), (4.2), (4.3) and (4.10). 
For example, for i = j = 1 and i = j = 2, respectively, we have 


||-Bii2:i||c'(r) — ||G'Fi2;i||c'(r) < ||G||c'(r)^>c'(r) ■ ||-^i2:i||c(r) < i^lki||c'(R) (4.16); 


II-822^:2 II C'(R) — 


^GP2Z2 

ax 


< 


C'(R) 


tA 




C(R)^-C'(R) 

^ (4.16). 


||-^22:2||c(R) 


□ 


From Lemmas 4.3 and 3.7 it follows that the system of equations 
r zi{x) = [G{E - A)-^f]{x) - [GE,z,]{x) + [GE 2 Z 2 ]{x) 

b 2 n) = [iG(E - A)-'f] (x) - [|:GF.*-.] W + [j^GF.z,] ix) 


X eR (4.17) 
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has a unique solution z{x) G C 2 (l^) (see (3.20)), and (see (4.6), (3.2), (3.3),(3.19), (4.4) and 
(4.11)), we have 

lki||c(R) + lk2||c(iR) < \\G{E — A) Vl|c(K) + —G{E — A) V < c||/||c'(r)- (4.18) 

ax 

Note that there is a relationship between the functions zi{x) and Z 2 {x) that can be checked 
in a straightforward way (see (4.17)): 

2 ^2 (t) = z'i{x), x G M. 

Denote 

y{x) = Zi{x), a; G M ^ y'{x) = z[{x) = Z 2 {x), x eR. (4.19) 

By (4.19), the first equation in (4.17) and the estimate (4.18) take the form (4.20) and (4.21), 
respectively: 

y{x) = {G{E - A)-^f){x) - {GE,y){x) + {GE 2 y){x), a; G R, (4.20) 

Ibllc(R) + ||l/'llc(R) < c||/||c(R)- (4-21) 

From (4.20) it follows that 

y{x) = {Gw){x), a; G R; w{x) = {{E - A)-^f){x) - {Eiy'){x) + {E 2 y){x), (4.22) 

and (see (4.9), (3.2), (3.3), (4.21), we have 

||it||c(r) < c||/||c(]R). (4.23) 

Thus, by Theorems 2.6, 2.7 and 3.5, (4.22) and (4.23), we get 
-y''{x) + q{x)y{x) = w{x) = {{E - A)~^f){x) - {Eiy){x) + {E 2 y'){x), a; G R, (4.24) 

||l/^11c(R) + lkl/||c(R) < c||-u;|lc(R) < c||/||c(R)- (4-25) 

Since qy G C(R) (see (4.21) and (4.25)) and 

{{E - A)-^qy){x) = q{x)y{x) + {Eiy){x), a; G R, 
we obtain, by combining the last equality with (4.24), that 

—y''{x) = {E — A)~^[f{x) — q{x)y{x) + q{x)(p{x)y'(x)], a; G R. 

But y" G C(R), and therefore 

—y'\x) + {Ay'')[x) = f{x) — q{x)y{x) + q{x)(p{x)y'{x), a; G R ^ 

pX 

-y"{x) = q{x) y{x) - ip{x)y'{x) + / y''{i){i -x + (p{x)d^ = /(a;), a; G R. (4.26) 

J x—ip(x) 
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From (4.26) and (2.16) we obtain (1.1), i.e., y{x), a; G M, is a solution of (1.1), and we 
have the estimate (1.3) (see (4.21)). The uniqueness of such a solution (1.1) follows from the 
linearity of this equation and the estimate (1.3). From (4.25) and the triangle inequality, we 
get (1.5). □ 

Proof of Corollary 1.2. The estimate (1.7) follows from Theorem 1.1 and (4.25). □ 


5. Example 

Below we consider equation (1.1) with 

g(a;) = 2(1 + x^) + (1 + x^) sin(|a;p), a; G M. (5.1) 

The function (5.1) satishes (1.2), and with the help of Theorem 1.1, we show that such an 
equation (1.1) is correctly solvable in the space C(M) if a := ^ (see (1.5)). To prove this 
fact, we use the following simple lemma, which can be useful for checking condition (1.4). 


Lemma 5.1. Suppose that we are given a function q{x), a; G M, and (1.2) holds. If there is 
a positive, continuously differentiable function qi{x) for a; G M such that 

1) for all a; G M, we have the inequalities 

v~^qi{x) < q{x) < i'qi{x) (5.2) 


2 ) 


where the constant u G [1, cxd) does not depend on the choice of a point x G M; 
s < oo where 


s = sup 


|g'i(a;)| 


xeR qi{x) ■ 

Then the function q satisfies condition (1.4) for a = z/^e®. 


(5.3) 


Proof. Let t G [a; — 1, a; + 1], a; G M. In the following relations, we use (5.2) and (5.3): 


In 




Qlit) 


= I Ingi(t) - lngi(a;)| = 

"|g'i(OI 


rt 


< 


9i(0 


■df 


QiiO 

< s|a; — t| < s 


df 


e ^ |t — a;| < 1 

qi{x) 


Qit) . 

_ Qit) 

(liit) 


q{x) 

Qiit) 

qi{x) 

qix) 

Qit) _ 

_ (lit) 

(liit) 

qiix) ^ 1 

q{x) 

(liit) 

qfix) 

q{x) ~ z /2 
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In the case (5.1), clearly, gi(a;) = 1 + a; G M, because 

^ <1 + < 2(1 + x^) + (1 + x^) sin(|a;|^) < 3(1 + x^), 


and therefore v 


Hence 


as required. 


3. In addition, s = 1 because 


s = sup 


MM 

qi{x) 


2|t| 

SUPT—^ < 1- 

l + x^ 


1 _ 1 1 _ 1 1 
6i/a 6 3i/e 18^/e ~ 31 


a; e M, 


□ 
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